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introduction

portfolio optimisation: allocate wealth among n 4 assets

Markowitz (1952), Markowitz (1959): select portfolio that is mean—variance
efficient — find weights w that maximise

W' — L w'Sw
2
1: collect historical data R (7 x n4)

2: estimate i = 7.¢'R
3: estimate X = %R’(I — lu/)R
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portfolio optimisation: allocate wealth among n 4 assets

Markowitz (1952), Markowitz (1959): select portfolio that is mean—variance
efficient — find weights w that maximise

W' — %w’Zw

collect historical data R (7 x ny)

estimate 1 = ('R

estimate 3 = TR(I — zu/)R

find weights w that maximise w'ji — %w’iw
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introduction

portfolio optimisation: allocate wealth among n 4 assets

Markowitz (1952), Markowitz (1959): select portfolio that is mean—variance
efficient — find weights w that maximise

W' — %w’Zw

1: collect historical data R (7 x n4)
2: estimate 1= /R
3. estimate ¥ = LR/(I — Lu/)R
4: find weights w that maximise w'ji — %w’iw
estimation problems: Jobson and Korkie (1980), Jorion (1985), Jorion

(1986), Best and Grauer (1991), Chopra et al. (1993), Board and Sutcliffe
(1994) and many others
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introduction

portfolio optimisation: allocate wealth among n 4 assets

Markowitz (1952), Markowitz (1959): select portfolio that is mean—variance
efficient — find weights w that maximise

W' — %w’Zw

collect historical data R (7 x ny)
estimate 1 = ('R
estimate ¥ = = R'(I — 7u/) R

find weights w that maximise w'fi — %w’iw

el A

theoretical concerns: Artzner et al. (1999), Pedersen and Satchell (1998),
Pedersen and Satchell (2002)
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Markowitz (1952), Markowitz (1959): select portfolio that is mean—variance
efficient — find weights w that maximise

W' — %w’Zw

1: collect historical data R (7 x n4)
2: estimate 1= /R

3: estimate ¥ = +R'(I — +u/)R
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introduction

portfolio optimisation: allocate wealth among n 4 assets

Markowitz (1952), Markowitz (1959): select portfolio that is mean—variance
efficient — find weights w that maximise

W' — %w’Zw

1: collect historical data R (7 x n4)
2: estimate 1= /R

3: estimate ¥ = +R'(I — +u/)R
4

. find weights w that maximise w’f — %w’iw

aim of research:

o test alternative risk measures & objective functions empirically
o test alternative estimation and scenario generation methods
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o alternative objective functions

o data
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w'p — %w' Yw
N——— N —
reward risk

replace reward and risk by alternative functions

risk

min
w  reward
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alternative objective functions: building blocks

based on distribution of portfolio returns
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alternative objective functions: partial moments

capture non-symmetrical returns Bawa (1975); Fishburn (1977):

r= rq +(r—ry) T —(rg—1r)"
~~ — Y
desired return upside downside
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alternative objective functions: partial moments

capture non-symmetrical returns Bawa (1975); Fishburn (1977):

r= rq +(r—ry) T —(rg—1r)"
~ — Y
desired return upside downside
1 Y
P (ra) = T Z (r—ra)",
T>Tq
B 1
Py (ra) = — > (ra—r).
r<rd

example: semi-variance
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alternative objective functions: conditional moments

capture non-symmetrical returns:

r= rq +(r—ry) —(rg—1r)"
— ——— —

desired return upside downside

example: Expected Shortfall
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alternative objective functions: conditional moments

capture non-symmetrical returns:

r= rq +(r—ry) —(rg—1r)"
"~ N—_——
desired return upside downside

conditional vs partial moments

P (ra) = C(ra) Py (ra)

m of r>ry

P, (ra) = C (ra) Py (ra)

™ of r<ry
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alternative objective functions: quantiles

Q, = CDF~'(¢) = min{r | CDF(r) > ¢},

example: VaR
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alternative objective functions: examples

reward risk

constant C; (Q,) minimise Expected Shortfall for gth quantile

constant ON minimise maximum loss

T /P (ry) Sortino ratio
Pl (rq) \/732_ (rq) Upside Potential ratio
Py (rq) P; (rq)  Omega for threshold

L5y Dinax Calmar ratio

CI(Qp) C;(Q,) Rachev Generalised ratio for exponents v and ¢
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estimation
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estimation: scenario generation
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o historical returns
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estimation: scenario generation

o historical returns

o bootstrapping: single observations, blocks ...
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estimation: scenario generation

o historical returns
o bootstrapping: single observations, blocks ...

o bootstrapping from model residuals
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estimation

bootstrapping returns (r?) from a simple regression model:

i = o+ B mae + o+ €
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estimation

bootstrapping returns (r?) from a simple regression model:
rie = + 0 T+ -+ €

regressors: indices, PCA ...
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estimation

bootstrapping returns (r?) from a simple regression model:

=1,...,n4
Tit:@i+6iTMt+"'+€it —1 T
T *
regressors: indices, PCA ...
1: estimate &;, @ ..1=1,...,n4 from model

2. for k=1:ng do
3:  draw with replacement 7, € {1,...,T}

4 for: =1:n4 do

5: draw with replacement 7; € {1,...,T}
6: riy = 6 + B Thry + €in,

7. end for

8: end for
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estimation

arbitrage opportunities in data sample

1 nA
1 1
minw'’ ¢ max(Rw)" ¢ -
Rw >0 Rw >0
w' 't =0 R '
(see for example Scherer (2004))
ns
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optimisation

min P (x)
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D _jeq TjPoj = Vo
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optimisation

min P (x)

> icq TiPoj = Vo
xij“f <a; <P jeJ

Kinf S #{j} S Ksup

(r = numbers of shares, A = all assets, [J = assets included in portfolio)
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http://comisef.eu

optimisation

min P (x)

> icq TiPoj = Vo
xijnf <a; < a3 jeJ

Kinf S #{j} S Ksup

(r = numbers of shares, A = all assets, [J = assets included in portfolio)

Threshold Accepting: Dueck and Scheuer (1990), Winker (2001),
Matlab code available from http://comisef.eu

Gilli & Schumann http://comisef.eu Risk and reward — 17


http://comisef.eu

optimisation

Gilli & Schumann http://comisef.eu Risk and reward — 18



optimisation
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optimisation: threshold accepting
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optimisation: threshold accepting

L: initialise Nggeps

2:

3: randomly generate current solution z¢ € X

4

5. for ¢ =1:ngeps

6: generate " € N (z°) and compute A = ®(a™) — &(x°)
7 if A<O0 then z¢=2"

8: end for

0:
10: x5! = ¢
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optimisation: threshold accepting
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optimisation: threshold accepting
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optimisation: threshold accepting

1: initialise ngyepsand Nrounas

2: compute threshold sequence 7

3: randomly generate current solution z¢ € X

4: for r =1 : Nrounds

5. for ¢ =1:ngep

6: generate " € N (z°) and compute A = ®(a”) — &(x°)
7 if A<t then z¢=2"

8: end for

9: end for

10: x5! = ¢
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optimisation: threshold accepting
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optimisation: results
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optimisation: results
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optimisation: constraints

o discard infeasible solutions

Gilli & Schumann http://comisef.eu Risk and reward — 22



optimisation: constraints

o discard infeasible solutions
o always construct feasible solutions

- example: budget constraint

Gilli & Schumann http: //comisef.eu

Risk and reward — 22



optimisation: constraints

o discard infeasible solutions
o always construct feasible solutions

- example: budget constraint

o repair solutions

- example: sector constraints

Gilli & Schumann http: //comisef.eu

Risk and reward — 22



optimisation: constraints

o discard infeasible solutions
o always construct feasible solutions

- example: budget constraint

o repair solutions

- example: sector constraints

o penalise infeasible solutions
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Gilli & Schumann http://comisef.eu Risk and reward — 23



why a heuristic?

from Zanakis and Evans (1981, p. 85)

]
WHY AND WHEN TO USE HEURISTICS

There are several instances where the use of heuristics is desirable and
advantageous:

(1) Inexact or limited data used to estimate model parameters may inherently
contain errors much larger than the “suboptimality” of a good heuristic

L]
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data and methodology

o 600 assets (EUR) from DJ STOXX (7-Jan-1999 — 19-Mar-2008)
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data and methodology

o 600 assets (EUR) from DJ STOXX (7-Jan-1999 — 19-Mar-2008)
o market capitalisation > 4 x 10"Euros (248 assets)
o historical window (52 weeks), horizon (12 weeks) — 40 rebalancings

iper =1 fcstHorz day
I—¢: —tttt+t+t+t+t+t+t+t+t+ttttttttt :f,\‘ ’.: +— ’: :‘ t >
1\ lengthHist A T
tl t2 t3
debSim

iper =2 Rebalance PF
v

I—|—|—|—|—¢ -ttt $ t @

t ) t

tl t2 t3
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data and methodology

o 600 assets (EUR) from DJ STOXX (7-Jan-1999 — 19-Mar-2008)
o market capitalisation > 4 x 10"Euros (248 assets)

o historical window (52 weeks), horizon (12 weeks) — 40 rebalancings
o 10bp variable cost for long positions
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data and methodology

o 600 assets (EUR) from DJ STOXX (7-Jan-1999 — 19-Mar-2008)
o market capitalisation > 4 x 10"Euros (248 assets)
o historical window (52 weeks), horizon (12 weeks) — 40 rebalancings

o 10bp variable cost for long positions
minimum trading size (5000)
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data and methodology

o 600 assets (EUR) from DJ STOXX (7-Jan-1999 — 19-Mar-2008)
o market capitalisation > 4 x 10"Euros (248 assets)
o historical window (52 weeks), horizon (12 weeks) — 40 rebalancings

o 10bp variable cost for long positions
minimum trading size (5000)

o holding size constraints
o sector allocation constraints
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benchmark: minimum-variance portfolio (MV) long-only
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benchmark: minimum-variance portfolio (MV) long-only

o Y estimated as covariance matrix X from historical observations
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benchmark: minimum-variance portfolio (MV) long-only

o Y estimated as covariance matrix X from historical observations

min w' ¥ w

w
Zjejwjzl
0 <w; <w;™ j=1,....n4

Gilli & Schumann http://comisef.eu Risk and reward — 25



benchmark: minimum-variance portfolio (MV) long-only

o Y estimated as covariance matrix X from historical observations

min w' ¥ w

w
Zjejwjzl
0 <w; <w;™ j=1,....n4

o optimisation with maximum holding size and sector allocation
constraints done with Matlab’s quadprog.
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benchmark: minimum-variance portfolio (MV) long-only
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benchmark: minimum-variance portfolio (MV) long-only
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benchmark: minimum-variance portfolio (MV) long-only

Introducing uncertainty:
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benchmark: minimum-variance portfolio (MV) long-only

introducing uncertainty: draw 1’ daily data with replacement, compute
minimum-variance portfolio from bootstrapped time series
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benchmark: minimum-variance portfolio (MV) long-only

introducing uncertainty: draw 1’ daily data with replacement, compute
minimum-variance portfolio from bootstrapped time series

1: for k=1:100 do
2 for j=1:T do

3 draw with replacement 7 € {1,...,T}
4: R = R,

5.  end for

6 compute MV portfolio

7: end for
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benchmark: minimum-variance portfolio (MV) long-only

introducing uncertainty: draw 1’ daily data with replacement, compute
minimum-variance portfolio from bootstrapped time series

1: for k=1:100 do
2 for j=1:T do

3 draw with replacement 7 € {1,...,T}
4: R = R,

5.  end for

6 compute MV portfolio

7: end for

alternatively: use jackknife
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benchmark: MV long-only
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benchmark: MV long-only
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benchmark: MV long-only
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benchmark:

MYV long-only
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results VaR/Expected Shortfall
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results VaR/Expected Shortfall
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results drawdowns
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results drawdowns
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results drawdowns

Gilli & Schumann http://comisef.eu Risk and reward — 30



results drawdowns

T T T I I I I I I
— N
std DD | —
std DD/ nmean R

©c o o o o ©

| |
15 16
Annual i sed return

1 | | | I I I
0.9H =——W | et .
std DD
std DD / nean H
O.5F - v gL .
0.1} T - : .
0 1 | | | | | |
10 11 12 13 14 15 16 17 18 19 20

Annual i sed return

Gilli & Schumann http://comisef.eu Risk and reward — 30



results partial moments

Gilli & Schumann http://comisef.eu Risk and reward — 31



results partial moments

06 T T I T T T T T T
— WV

0.5H ——r (Prob)| :
| =—Q | i

0.4 Seni Var

0.3k i NS ASNCOONCON |

0.2+ o SN NN\ i

0.1f S NN | |

i L |

0 ; | | |
10 11 12 13 14 15 16 17 18 19 20
Annual i zed return

o

I I I 2 I
0.9H ——MW [ et -
—— T (Prob) ;
—_—Q
0.5f .
0. Lf oot gl | .
0 | | |
10 11 12 13 14 15 16 17 18 19 20

Annual i zed return

Gilli & Schumann http://comisef.eu Risk and reward — 31



results partial moments

Gilli & Schumann http://comisef.eu Risk and reward — 32



results partial moments

Gil

I
B~ o o ol
V.

10

g (gains)

median annualised returns

p (losses)

Risk and reward — 32



scenarios vs historical data

Gilli & Schumann http://comisef.eu Risk and reward — 33



scenarios vs historical data

0. 6 | | T T T T T
— W (hi st)
0.5 =—— MW (scenarios) | .
Rachev (hist)
0.4Hh Rachev (scenarios) /A~ .
0.3F i i
0.2F e NN i
0. 1F N i
0 ' L | | |
4 6 8 10 12 14 16 18 20
Annual i sed return
1 | T | | T
0.9H —— W (hist) ]
—— W (scenari 0S)
Rachev (hist)
Rachev (scenari os
0.5F i
Rachev (hist)
0.1r | i
0 | | | |
4 6 8 10 12 14 16 18 20

Annual i sed return

Gilli & Schumann

http://comisef.eu

Risk and reward — 33



when is a solution ‘optimal enough’?

Gilli & Schumann http://comisef.eu Risk and reward — 34



when is a solution ‘optimal enough’?

— characterise solution by objective function value

Gilli & Schumann http://comisef.eu Risk and reward — 34



when is a solution ‘optimal enough’?

— characterise solution by objective function value
— run large number of optimisations — compare distribution of solutions

Gilli & Schumann http://comisef.eu Risk and reward — 34



in-sample convergence

Gilli & Schumann http://comisef.eu Risk and reward — 35



in-sample convergence

1_
random
0.5+
O | | | | J
0 0.2 0.4 0.6 0.8 1

Gilli & Schumann http://comisef.eu Risk and reward — 35



in-sample convergence

1_
random
— 1000
0.5+
O | | | | J
0 0.2 0.4 0.6 0.8 1

Gilli & Schumann http://comisef.eu Risk and reward — 36



in-sample convergence

1_
random
— 1000
—5000
0.5+
O | | | | J
0 0.2 0.4 0.6 0.8 1

Gilli & Schumann http://comisef.eu Risk and reward — 37



in-sample convergence

1_
random
— 1000
—>5000
— 15000
0.5+
O | | | | J
0.4 0.6 0.8 1

Gilli & Schumann http://comisef.eu Risk and reward — 38



in-sample convergence

1_
random
— 1000
— 5000
— 15000
— 50000
0.5+
O | | | | J
0.4 0.6 0.8 1

Gilli & Schumann http://comisef.eu Risk and reward — 39



in-sample convergence

1 _
random (
— 1000
—5000
— 15000
— 50000
0.5 ——100 000
O | ﬂ | | | J
4 0.6 0.8 1

0 0.2 0.

Gilli & Schumann http://comisef.eu Risk and reward — 40



rank portfolios

Gilli & Schumann http://comisef.eu Risk and reward — 41



rank portfolios, paths

2 —
Lor rank-1 portfolio
1 L
rank-600 portfolio
05 | | | | | J
Jan00 MayO01 Oct02 Feb04 Jul05 NovO06 Apr08

Gilli & Schumann http://comisef.eu Risk and reward — 42



rank portfolios, final wealth

out-of-sample return in %

0 100 200 300
in—sagpplev ?ank

T T T oo Tt Tt D A A

400

Risk and reward — 43



how many steps?

Gilli & Schumann http://comisef.eu Risk and reward — 44



how many steps?

3 months D years 20 years

I

..vs random
o
o

0.5¢

Gilli & Schumann http://comisef.eu Risk and reward — 44



how many steps?

3 months D years 20 years

I

..vs random
o
o

0.5¢

Gilli & Schumann http://comisef.eu Risk and reward — 45



how many steps?

3 months D years 20 years

I

..vs random
o
o

0.5¢

Gilli & Schumann http://comisef.eu Risk and reward — 46



how many steps?

3 months D years 20 years
T

0.5}

..vs random

0.5}

..vs 50000 1iterations

Gilli & Schumann http://comisef.eu Risk and reward — 47



conclusions

Gilli & Schumann http://comisef.eu Risk and reward — 48



conclusions

o alternative objective functions

- optimisation more difficult, but manageable

Gilli & Schumann http://comisef.eu Risk and reward — 48



conclusions

o alternative objective functions

- optimisation more difficult, but manageable

. add value over mean—variance

Gilli & Schumann http://comisef.eu Risk and reward — 48



conclusions

o alternative objective functions

- optimisation more difficult, but manageable

. add value over mean—variance

o problem very sensitive to data: ‘good’ solutions suffice

Gilli & Schumann http://comisef.eu Risk and reward — 48



Gilli & Schumann http://comisef.eu Risk and reward —

References
Artzner, P., F. Delbaen, J.-M. Eber, and D. Heath (1999). Coherent Measures of Risk. Mathematical Finance 9(3), 203—-228.
Bawa, V. S. (1975). Optimal rules for ordering uncertain prospects. Journal of Financial Economics 2, 95-121.

Best, M. J. and R. R. Grauer (1991). On the sensitivity of mean-variance-efficient portfolios to changes in asset means: Some analytical and
computational results. Review of Financial Studies 4(2), 315-342.

Board, J. L. G. and C. M. S. Sutcliffe (1994, April). Estimation Methods in Portfolio Selection and the Effectiveness of Short Sales
Restrictions: UK Evidence. Management Science 40(4), 516-534.

Chopra, V. K., C. R. Hensel, and A. L. Turner (1993, July). Massaging Mean—Variance Inputs: Returns from Alternative Global Investment
Strategies in the 1980s. Management Science 39(7), 845—-855.

Dueck, G. and T. Scheuer (1990, September). Threshold Accepting. A General Purpose Optimization Algorithm Superior to Simulated
Annealing. Journal of Computational Physics 90(1), 161-175.

Dueck, G. and P. Winker (1992). New concepts and algorithms for portfolio choice. Applied Stochastic Models and Data Analysis 8(3),
159-178.

Fishburn, P. C. (1977, March). Mean-risk analysis with risk associated with below-target returns. The American Economic Review 67(2),
116-126.

Gilli, M. and E. Schumann (2009a). An Empirical Analysis of Alternative Portfolio Selection Criteria. Swiss Finance Institute Research Paper
No. 09-06.

Gilli, M. and E. Schumann (2009b). Optimal enough? COMISEF Working Paper Series No. 10.

i]i huma ttp://comisef.e Risk and reward — 4
G Job&;én?’ﬁ. ISI ancplg. Korkie (1980). Est?rﬁa[ién ?or l\/?ar owliltz Efficient Portfolios. Journal of the American Statistical )\ssogat%n 75(%7 : 9
544-554.



appendix:

more results — MV portfolio

1.00

0.7

5)

0.50

0.2

5)

0

10

11 12

13

14

15

16 17

Gilli & Schumann

http: //comisef.eu

Risk and reward — 51



appendix: more results — MV portfolio

1.00

0.75

0.50

0.25

0

Gilli & Schumann http://comisef.eu Risk and reward — 51



appendix: more results — MV portfolio

1.00

0.75

0.50

0.25

0

Gilli & Schumann http://comisef.eu Risk and reward — 51



appendix: more results — MV portfolio

1.00

0.75

0.50

0.25

0

17

0% 5%: - 10%: 15% - 20%
reward risk mediagn ————" 7
c M 13.76 . MV-portfolio

| | | | | | | | | | | | | | | | | | | | |
0% 5% 10% 15% 20%

Gilli & Schumann http://comisef.eu Risk and reward — 51



results VaR, ES

Gilli & Schumann http://comisef.eu Risk and reward — 52



results VaR, ES

0% 5% 10% 15% 20%
reward risk median | | ——— T
C M 13.76 . MV-portfolio
C Q4 14.44 .
C Qs 14.17 — e —
c Q10 14.19 .
C QQO 13.70 .
| | | | ! |
0% 5% 10% 15% 20%

Gilli & Schumann http: //comisef.eu

Risk and reward — 52



results VaR, ES

reward risk

Q4
Qs
Q10
Q20

S O 6 O O

reward risk

O O 6 6 O

0%

5%

10% 15% 20%

median
13.76

14.44
14.17
14.19
13.70

L
MV-portfolio

0%

median

5%

10% 15% 20%

13.76

14.88
14.98
14.58
14.80

ro
MV-portfolio

0%

5%

10% 15% 20%

Gilli & Schumann

http://comisef.eu

Risk and reward — 52



results partial moments

Gilli & Schumann http://comisef.eu Risk and reward — 53



results partial moments

median
13.76

15.56
15.83
15.56
16.23
15.95
15.32

6.35
2.38
7.76

0% 5% 10% 15% 20%
| T T T T " T T T T T T
MV-portfolio
I ! I I ! ! I |
0% 5% 10% 15% 20%

Gilli & Schumann

http://comisef.eu

Risk and reward — 53



results partial moments

Gilli & Schumann http://comisef.eu Risk and reward — 54



results partial moments

0% 5% 10% 15% 20%
reward risk median ————+—F++—+ 71T
c Mo 13.76 . MV-portfolio
Py c —0.70— « —
Ps ¢ —0.96—.—
c P 12.56 — . —
c P 13.16 —
I I ! I I |
0% 5% 10% 15% 20%

Gilli & Schumann http://comisef.eu Risk and reward — 54



results drawdowns

Gilli & Schumann http://comisef.eu Risk and reward — 55



results drawdowns

reward risk
C M 2
C Dinean
M 1 Dmean
c Dinax
M 1 Dmax
C Dstd
M 1 Dstd

median
13.76

15.34
15.56
14.53
14.93
15.31
15.37

0% 5% 10% 15% 20%
| | L
MV-portfolio
I I I I |
0% 5% 10% 15% 20%

Gilli & Schumann

http: //comisef.eu

Risk and reward — 55



	introduction
	introduction
	introduction
	introduction
	outline
	alternative objective functions: building blocks
	alternative objective functions: building blocks
	alternative objective functions: partial moments
	alternative objective functions: conditional moments
	alternative objective functions: quantiles
	alternative objective functions: examples
	estimation
	estimation: scenario generation
	estimation
	estimation
	optimisation
	optimisation
	optimisation: threshold accepting
	optimisation: threshold accepting
	optimisation: results
	optimisation: constraints
	why a heuristic?
	data and methodology
	benchmark: minimum-variance portfolio (MV) long-only
	benchmark: minimum-variance portfolio (MV) long-only
	benchmark: MV long-only
	results VaR/Expected Shortfall
	results drawdowns
	results drawdowns
	results partial moments
	results partial moments
	scenarios vs historical data
	when is a solution `optimal enough'?
	in-sample convergence
	in-sample convergence
	in-sample convergence
	in-sample convergence
	in-sample convergence
	in-sample convergence
	rank portfolios
	rank portfolios, paths
	rank portfolios, final wealth
	how many steps?
	how many steps?
	how many steps?
	how many steps?
	conclusions
	references
	*
	appendix: more results – MV portfolio
	results VaR, ES
	results partial moments
	results partial moments
	results drawdowns


